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We show that a small conducting object, such as a nanosphere or a nanoring, embedded into or
placed in the vicinity of the two-dimensional electron liquid (2DEL) and subjected to a circularly
polarized electromagnetic radiation induces “twisted” plasmonic oscillations in the adjacent 2DEL.
The oscillations are rectified due to the hydrodynamic nonlinearities leading to the helicity sensitive
circular dc current and to a magnetic moment. This hydrodynamic Inverse Faraday Effect (HIFE)
can be observed at room temperature in different 2D materials. The HIFE is dramatically enhanced
in a periodic array of the nanospheres forming a resonant plasmonic coupler. Such a coupler exposed
to a circularly polarized wave converts the entire 2DEL into a vortex state. Hence, the twisted
plasmonic modes support resonant plasmonic-enhanced gate-tunable optical magnetization. Due to
the interference of the plasmonic and Drude contributions, the resonances have an asymmetric Fano-
like shape. These resonances present a signature of the 2DEL properties not affected by contacts and
interconnects and, therefore, providing the most accurate information about the 2DEL properties. In
particular, the widths of the resonances encode direct information about the momentum relaxation
time and viscosity of the 2DEL.
I. INTRODUCTION
Generation of stationary magnetic moment
by a circularly polarized radiation is commonly
referred to as the inverse Faraday effect (IFE)
predicted by Pitaevskii [1] and first observed by
van der Ziel et al. [2]. Although this effect
is usually studied in magnetic materials [3–5],
it can be also observed in conventional semi-
conductor nanostructures such as quantum dots
and nanorings [6–15]. In particular, it was re-
cently predicted [14, 15] that a circularly po-
larized radiation with the electric component
E = Eω exp(−iωt) + c.c. can excite a circular
dc current in a nanoring, which, in turn, gener-
ates a magnetic moment
M ∝ i Eω ×E∗ω. (1)
The proportionality coefficient in Eq. (1) is
an odd function of frequency, so that the ef-
fect is sensitive to the helicity of polarization.
Remarkably, IFE is dramatically enhanced in
vicinity of plasmonic resonances [15]. Specifi-
cally, adjusting the plasmonic frequency in the
nanoring to match the frequency of imping-
ing radiation results in much larger optically-
induced stationary magnetic field (up to 0.1
Gauss for typical parameters of a nanoring, see
discussion in Ref. [15]). Hence, an array of
nearly identical quantum rings should give rise
to large optically-controlled macroscopic mag-
netization. This opens a wide avenue for appli-
cations in tunable optoelectronics, in particular,
in the terahertz (THz) range of frequencies.
The key feature of the plasmonic-enhanced
IFE as compared to other plasma wave related
effects is the absence of the symmetry limita-
tions for conversion of incoming radiation into
a dc signal. Indeed, in conventional plasmonic
devices such conversion requires an asymmetry
of the system that determines direction of the
dc current. In the two-dimensional structures,
the asymmetry can be created by the boundary
conditions [16] or induced by ratchet effect (see
Ref. 17 for review). The latter implies a special
type of grating-gate couplers that could provide
the required asymmetry. By contrast, IFE ex-
ists in fully symmetric rings [14, 15], and direc-
tion of arising dc current is simply determined
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2by the sign of circular polarization. What is
also important in view of possible applications
for the THz plasmonics, the optically-induced
dc current remains finite even in the longwave-
length limit, when Eω does not vary within the
dimension of ring. Hence, the quantum nanor-
ings and ring-based arrays can be used as an
effective helicity-driven sensors for THz radia-
tion [see estimates and discussion in Ref. [15]].
In this paper, we discuss the possibility of
observing similar effects in bulk 2D systems.
We consider the excitation of circular plas-
monic modes (“twisted plasmons”) and circular
dc current in two dimensional electronic liquid
(2DEL). These modes are excited by a circularly
polarized electromagnetic radiation impinging
on the metallic or semiconducting nanosphere
or nanoring embedded into or placed above the
2DEL and inducing rotating dipoles in these
nanostructures (see Fig. 1a). Rectification of
the twisted plasmons due to hydrodynamic non-
linearities leads to a helicity-sensitive circu-
lar DC current, and consequently, to a mag-
a
d
(a)
(b)
FIG. 1. Excitation of twisted plasmons in 2D elec-
tron liquid by a single nanosphere embedded into
dielectric matrix and excited by circularly polarized
radiation (a) or by an array of nanospheres forming
plasmonic coupler (b)
netic moment, thus demonstrating the hydro-
dynamic inverse Faraday effect (HIFE). If the
nanospheres form a 2D crystal (see Fig. 1b),
only the plasmons with the wave vectors form-
ing inverse crystal lattice are excited, so that the
excitation spectrum becomes discrete. When
the radiation frequency is close to any of the
discrete plasmonic frequencies, the entire high-
mobility 2DEL experiences a resonant circu-
lar plasmonic excitation. The rectification of
these oscillations leads to plasmonic-enhanced
DC current which oscillates in space. The circu-
lar dc current and magnetic moment generated
by this current show sharp HIFE resonances.
Since the plasma wave frequency is tunable by
the gate voltage and by an external magnetic
field such a system can be used for optical tun-
able magnetization of 2D systems. The typical
2DEL twisted plasmon frequencies are in the
THz range, and this coupling system could be
used for tunable THz electronic components, in-
cluding frequency multipliers, modulators, ab-
sorbers, and mixers. Another key application is
in the contactless characterization and parame-
ter extraction of the 2DEL.
Apart from applications, there are some very
interesting fundamental aspects of the HIFE re-
lated to hydrodynamic approach in plasmonics,
the field which explores how electromagnetic
fields can be confined over dimensions much
smaller than the radiation wavelength [18–24].
The hydrodynamic approach to description of
electronic systems and, in particular, plasma
wave excitation, has a long history which can
be traced back to the early work by Gurzhi [25]
and by Jong and Molenkamp [26], where hy-
drodynamic effects on the electron and phonon
transport were discussed and to the work by
Dyakonov and Shur [16], which exploited the
analogy between the “shallow water” hydrody-
namics and that of the electron liquid in the
two-dimensional (2D) gated systems. Many
other beautiful hydrodynamic phenomena such
as choking of electron flow [27], nonlinear recti-
fication of the plasma waves [28, 29] and the for-
mation of the plasmonic shock waves [30] have
been subsequently proposed. Possible applica-
tions of these phenomena to the plasma-wave
3electronics were intensively discussed (see re-
views [31, 32]). More recent interest to the
hydrodynamic phenomena in low-dimensional
transport and plasmonics is driven by the emer-
gence of the high-mobility nanostructures [33–
41] and graphene [42–52] where the electron-
electron collision-dominated transport regime
can be reached.
Two issues that have been most actively dis-
cussed in recent years are the emergence of hy-
drodynamic regimes with nonzero vorticity (and
their manifestation in the transport properties
of the 2DEL) (see [40, 48–52] and references
therein), as well as possible methods for mea-
suring the viscosity by using dynamical excita-
tions of 2DEL [40], and by nonlocal resistance
measurements [48–52].
Here, we demonstrate that the electron flow
with nonzero vorticity can be also excited by
circular polarized radiation. Importantly, we
find that such states appear even in an ideal
2DEL with zero viscosity. We also find that
the main effect of viscosity is broadening of the
plasmonic resonances in the structure shown in
Fig. 1b. Corresponding contribution to the res-
onance width is proportional to the kinematic
viscosity and depends on the single geometri-
cal factor—the distance between nanospheres a.
This enables optical measurements of the elec-
tron liquid viscosity.
II. BASIC EQUATIONS
In this work, we propose to excite circular
plasmon excitation (twisted plasmons) through
the periodic array of metal objects (or semicon-
ducting objects with high conductivity), such as
nanospheres or nanorings, embedded into 2DEL
or placed in the vicinity of the 2DEL by us-
ing insulating matrix transparent for THz radi-
ation. To begin with, we consider the excitation
of a single nanosphere (see Fig. 1 a), and then
generalize the results to the case of the grat-
ing plasmonic coupler consisting of the periodic
array of nanospheres (see Fig. 1 b).
Circularly polarized electromagnetic radi-
ation induces a dipole potential in the
nanosphere. As a result, an inhomogeneous field
is formed, which, in turn, acts on the 2DEL.
We will find the dc response of the system. We
assume that: (i) electron-electron collisions pre-
vail over scattering by phonons and impurities;
(ii) the radiation wavelength is much larger than
the radius of the nanosphere, so that the elec-
tric field of radiation is uniform; (iii) the system
is gated. First assumption allows us to use hy-
drodynamic approximation.
The 2D electron liquid is described by hydro-
dynamic equations for dimensionless electron
concentration n = (N − N0)/N0 and velocity
v:
∂n
∂t
+ div [(1 + n)v] = 0, (2)
∂v
∂t
+ (v∇)v + γv + s2∇n− ν∆v = eE
m
. (3)
Here N0 is equilibrium concentration, s is the
plasma wave velocity, γ is the rate of the
momentum relaxation, ω is the radiation fre-
quency, m is the electron mass, and ν is
the kinematic viscosity (for simplicity, we ne-
glect the bulk contribution to viscosity). The
field acting in the 2D plane, E = E0(t) +
E1(t, r) is given by the sum of the homogeneous
field of circularly polarized incoming radiation,
E0(t) = E0(cosωt,− sinωt) = (E0/2)(ex −
iey) exp[−iωt] + c.c. and the dipole field
E1(r, t) = −e∇ rp(t)
(r2 + a2)3/2
, (4)
where p(t) = p(cosωt,− sinωt) and ep = E0R3
is the dipole moment of a metallic nanosphere
with radius R (we assume here that internal
plasmonic frequency of the nanosphere is very
large as compared to characteristic frequencies
of the problem, so that its is fully polarized).
For a lattice of the nanospheres, one should re-
place E1(r, t)→
∑
i
E1(r− ri, t), where summa-
tion is taken over the lattice nodes.
The incoming radiation leads to the oscilla-
tions of the concentration and velocity, which
are rectified due to the nonlinearity of the hy-
drodynamic equations. The small signal solu-
tion of hydrodynamic equations Eqs. (2) and
4(3) can be found perturbatively by expansion
over E0 up to second order
n ≈ δn(t, r) + n(r), v ≈ δv(t, r) + v(r),
where δn(t, r) ∝ E0 and δv(t, r) ∝ E0 are os-
cillations of the concentration and velocity rep-
resenting linear response, and n(r) ∝ E20 and
v(r) ∝ E20 are time-independent corrections
arising due to the rectification. We will see that
the optically-induced flow of the 2DEL with
nonzero vorticity appears even in ideal liquid
with zero viscosity. Therefore, we will first put
ν = 0 and discuss viscosity related effects at
the end of the paper. One of our main find-
ings is that the finite viscosity leads to a very
simple contribution to the width of plasmonic
resonances. Hence, it can be extracted from ex-
periments on the optical excitation of the plas-
monic resonances.
A. Rectification of the optical signal
Next we demonstrate that radiation induces,
due to the rectification, both a dc current jdc
and a static electric potential φdc. To find the
rectified corrections n(r) and v(r) (squared-in-
E0) we average Eqs. (2) and (3) over time thus
arriving at the following set of the stationary
equations
divv = −divJ1, (5)
γv + s2∇n = γJ2 (6)
with the rectified sources
J1 = 〈δnδv〉t, J2 = − 1
γ
〈(δv∇) δv〉t. (7)
To find total radiation-induced dc current, jdc,
one should sum v and the rectified source J1.
The radiation-induced potential, φdc which cre-
ates static electric field Edc = −∇φdc is found
from the condition e∇φdc/m = s2∇n. Thus, we
have the following set of equations for jdc and
φdc.
jdc(r) = N0 [v(r) + J1(r)] , (8)
eφdc(r) = ms
2 n(r). (9)
Hence, the key steps of the calculation are
as follows. One should first linearize hydrody-
namic equations (2) and (3) and find the linear
response. The next step is to substitute thus
found δn and δv into the expressions for the
non-linear sources, given by Eq. (7), perform
the time averaging and find J1,2. Then, one
should calculate n and v by solving Eqs. (5),
(6), and, finally, find jdc and φdc from Eqs. (8)
and (9).
III. LINEAR RESPONSE: DRUDE AND
PLASMONIC CONTRIBUTIONS
Since electric field entering r.h.s. of Eq. 3, has
both homogeneous and inhomogeneous contri-
butions, one can present oscillations of the ve-
locity as a sum of the homogeneous Drude exci-
tation and inhomogeneous dipole-induced plas-
monic term, while
δv = δvD + δvP. (10)
Corrections to the concentration appear only
due to the inhomogeneous perturbation, so that
δn = δnP. As we demonstrate below, the pres-
ence of two types of velocity excitations leads
to interference effects, and, as a consequence,
to the Fano-like asymmetry of the resonances.
Linearizing Eqs. (2) and (3) and writing δn =
δnω(r)e
−iωt+c.c., δv = δvω(r)e−iωt+c.c., after
simple calculations (see Appendix A) we get
δnω(r) = ∆Z(r), (11)
δvω(r) = iω∇Z(r)︸ ︷︷ ︸
δvPω
+
eE0(ex − iey)
2m(γ − iω)︸ ︷︷ ︸
δvDω
, (12)
where, for the case of a single nanosphere
Z(r) = −i2pil2
∫
d2q
(2pi)2
eiqre−iϕqe−qa
q2 − k2 . (13)
Here e−iϕq = (qx − iqy)/q,
l2 =
e2p
2ms2
, (14)
5and
k =
√
ω(ω + iγ)
s
= k0 + iQ. (15)
The real and imaginary parts of k, respectively,
k0 and Q, have physical meaning of wave vec-
tor and spatial decrement of the optically ex-
cited plasma wave. In what follows, we assume
γ  ω. Hence, k ≈ (ω + iγ/2)/s, and, con-
sequently, k0 ≈ ω/s, Q ≈ γ/2s. As seen, the
spatial decrement of the wave is small
Q k0. (16)
For the case of square dipole lattice with the
lattice constant d, equation (13) is slightly mod-
ified by the replacement∫
d2q
(2pi)2
→ 1
d2
∑
q
,
where wave vector q runs over the inverse lattice
vectors
qnm =
2pi
d
(nex +mey) (17)
Since velocity is given by the sum of two
terms [see Eq. (10)], one can split both of the
rectified sources J1,2 into two contributions—
the plasmonic contribution and the mixed (plas-
monic+Drude) contribution:
Ji = J
P
i + J
M
i (i = 1, 2),
where
JP1 =〈δnPδvP〉t, JP2 =−
〈(δvP∇)δvP〉t
γ
,
JM1 =〈δnPδvD〉t, JM2 =−
〈(δvD∇)δvP〉t
γ
,
(18)
Equations Eq. (13) and (18) allow us to clarify
basic physics issues in more detail. First of all,
as seen, the integral in the r.h.s. of Eq. (13)
contains a pole in the denominator, which re-
flects the plasmonic resonance occurring when
ω is equal to the frequency of plasma wave with
the wave vector q. However, the pole is smeared
out due to the integration over q. The situation
is different for a dipole lattice when integration
should be replaced with summation. For small
γ, the contributions of the different terms in the
sum are well separated and can give sharp plas-
monic resonances. The resonance condition,
ω = ωnm = (2pis/d)
√
n2 +m2, (19)
is satisfied for several pairs (n,m). For example,
resonance with the fundamental frequency
ω0 =
2pis
d
, (20)
is given by sum over 4 pairs (1, 0), (−1, 0), (0, 1)
and (0,−1) yielding
Z0(r) ∝ 1
ω20 − ω2 − iωγ
, (21)
with the frequency-independent coefficient of
proportionality. Then, rectified dc currents has
resonance dependence JPi ∝ |Z(r)|2, JMi ∝
Z(r). As a result, in vicinity of resonance, the
expression for the circular dc current can be ap-
proximately presented as follows
jdc ≈ pi(r)
Ω2 + Γ2/4
+
[
µ(r)
Ω + iΓ/2
+ c.c.
]
. (22)
where
Ω =
ω − ω0
ω0
, Γ =
γ
ω0
, (23)
are, respectively, dimensionless detuning and
damping of the fundamental resonance, while
terms proportional to dimensionless vectors
pi(r) and µ(r) represent plasmonic and mixed
contributions, respectively [exact expressions
for these coefficients will be given below, see
Eqs. (39), and (40) below]. Due to the inter-
ference of these terms, the resonance in jdc and
φdc, has an asymmtric Fano-like shape. Inter-
estingly enough, the degree of asymmetry de-
pends on the coordinate r.
An important comment is related to the
radiation-induced vorticity of the 2DEL. On the
formal level, function Z(r) is a Green’s func-
tion of hydrodynamic equations describing the
6plasmonic excitation caused by a point-like ro-
tating dipole. Due to this rotation, an angular
moment ±1 is transferred to the liquid with the
sign determined by the sign of the helicity. The
information about this moment is encoded in
the phase factor exp[−iϕq] in Eq. (13). This
means that the plasma waves circulate around
the nanospheres and that direction of circula-
tion changes with changing the sign of the ra-
diation polarization. We call such excitations
“twisted plasmons”. The rectification of these
plasmons leads to dc current with non-zero vor-
ticity, which is also determined by the helicity
sign.
IV. CIRCULAR DC CURRENT
INDUCED BY A SINGLE DIPOLE
Performing integration over ϕq in Eq. (13),
we get
Z(r) = l2(x− iy)f(r), (24)
where function f depends only on r = |r|. The
analytical expressions for f and its asymptotes
are presented in the Appendix A together with
expression of δnω and δvω in terms of f. It is
convenient to present Ji as follows
Ji = Rier + Φieφ, (25)
FIG. 2. Dependence of the circular current jdc cre-
ated in 2D liquid by a rotating dipole moment of a
single nanosphere. Main contribution to this cur-
rent comes from mixed term [See Eq. (28)]
where er = r/r, eϕ = ez × er, and functions
Ri = R
P
i + R
M
i , and Φi = Φ
P
i + Φ
M
i , depend
only on r = |r| and contain both plasmonic and
mixed contributions.
Provided that Ri and Φi are known, the solu-
tion of Eqs. (5) and (6) can be found by expand-
ing v over er and eϕ and assuming n = n(r).
We find for the total circular radiation-induced
dc current, jdc = jdceϕ and radial electric field,
Edc = Edcer:
jdc = N0(Φ1 + Φ2) (26)
eEdc
m
= γ (R1 +R2) (27)
Expressions for plasmonic and mixed contribu-
tions, RPi ,Φ
P
i and R
M
i ,Φ
M
i , are presented in Ap-
pendixes B and C, respectively, as well as ex-
pressions for asymptotical behavior of jdc [see
Eq. (D1)] and Edc [see Eq. (D2)] with account
of both plasmonic and mixed contribution. As
seen, for the most realistic case (R  a 
k−10  Q−1), the mixed contribution domi-
nates. Neglecting plasmonic contribution, we
find that
7jdc ≈ −j∗

C
( r
a
)
, r  1/k0,
√
2pik
3/2
0 a
2
√
r
e−Qr/2 sin(k0r + pi/4), 1/k0  r  ln [k0/Q]
Q
6a2
k20r
2
,
ln [k0/Q]
Q
 r
, (28)
where
j∗ =
ωl4N0
k20R
3a2
, (29)
and C(x) is given by Eq. (D4). Static optically-
induced field is connected with the dc circular
current by a simple relation
jdc = −eEdcN0
mω
. (30)
A. Dipole lattice
For a lattice of dipoles, we write Fourier com-
ponents of nonlinear sources J1 and J2 as fol-
lows
Jiqω = Riq n
‖
q + Φiq n
⊥
q , i = (1, 2) (31)
where n
‖
q = q/q and n⊥q = ez×q/q. The Fourier
transform of Eqs. (5) and (6) yields expressions
similar to Eqs. (26) and Eq. (27):
jdcq = N0(Φ1q + Φ2q)n
⊥
q , (32)
eEdcq
m
= γ (R1q +R2q)n
‖
q. (33)
The Fourier components of the dc current and
static field can be presented as sums over plas-
monic and mixed contributions: Riq = R
P
iq +
RMiq, Φiq = Φ
P
iq + Φ
M
iq.
We consider simplest case of a square lattice
with the lattice constant d. In this case, all the
integrals over q should be replaced with the
sums over the vectors of the inverse lattice [see
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FIG. 3. Frequency dependence of x− component of
the current for x = y = d/8, R = a/2, d = 5a: on-
set of plasmonic resonances at large γ (a); strongly
asymmetric resonances at intermediate values of γ
(b); weakly asymmetric resonances at very small γ
(c).
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FIG. 4. Fundamental plasmonic peak in x com-
ponent of dc current for x = y = d/8, R = a/2,
d = 5a and different values of γ. The asymmetry of
the peak decreases with decreasing of γ.
Eq. (17)] and function Z(r) becomes
Z(r) = − i2pil
2
d2
∑
q
eiqr
q2 − k2 e
−iϕqe−qa. (34)
Using this equation, we find
δnω =
2ipil2
d2
∑
q
eiqre−iϕqq2e−qa
q2 − k2 , (35)
δvω =
2ipil2
d2
∑
q
eiqre−iϕqωqe−qa
q2 − k2 (36)
+
eE0(ex − iey)
2m(γ − iω) .
The rectified currents JP,Mi can be calculated
using Eqs. (18), (35), and (36). Corresponding
analytical expressions are given in Appendix E.
Resulting equations for jdc and Edc are given,
respectively, by Eqs. (E5) and (E6).
In Fig. 3 we plotted the x−component of the
dc current in units of
j0 = N0
4pi2l4s
d4
,
in a certain point in the plane as a function
of the radiation frequency for different damping
rates (picture for the y component of the cur-
rent looks analogous). As seen, with decreasing
the γ, sharp resonances appear on the top of the
smooth dependence. Due to the interference of
the plasmonic and mixed contributions, the res-
onances have an asymmetric shape. The degree
of asymmetry is smaller for small γ, because the
symmetric plasmonic contribution dominates at
γ → 0. Fig. 4 illustrates the asymmetry of the
peaks for fundamental mode. To demonstrate
vorticity of the current, we also plotted the cal-
culated current vector density in Fig. 5.
0
0.2
0.4
0.6
0.8
1.0
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α=10
FIG. 5. Vector density plot of the rectified current
jdc for different values of parameter α = 2Ωµ0/pi0.
B. Excitation of the fundamental mode
The smallest frequency, where the reso-
nance can occur, is given by Eq. (20). For
9ω close to ω0, within the resonance approx-
imation, only four terms, with (n,m) =
(1, 0), (0, 1), (−1, 0), (0,−1), contribute to sum
over qnm. For all these terms we have q = q0 =
2pi/d. Concentration and velocity look
δnω =
4pil2
d2
q20e
−q0a[i sin(q0y)− sin(q0x)]
q20 − k2
,
(37)
δvω=
4pil2
d2
ωq0e
−q0a[iex cos(q0x)+ey cos(q0y)]
q20 − k2
+
eE0(ex − iey)
2m(γ − iω) , (38)
Using equations given in Appendix F, we find
that the circular current can be presented in the
form of Eq. (22), with
pi(r) = pi0 [sin(q0y) cos(q0x)ex (39)
− sin(q0x) cos(q0y)ey] ,
µ(r) = µ0[sin(q0y)ex − sin(q0x)ey], (40)
where
pi0 =
8pi2N0sl
4
d4
e−2q0a, µ0 =
N0sl
4
dR3
e−q0a (41)
As seen, divpi = divµ = 0, so that jdc is purely
circular current, divjdc = 0, with non-zero vor-
ticity:
∇× jdc = −ez 2q0
Ω2 + Γ2/4
(42)
× {pi0 cos(q0x) cos(q0y)
+µ0Ω[cos(q0x) + cos(q0y)]} .
Two interfering contributions, plasmonic and
mixed, have different frequency dependencies in
the vicinity of the resonance, symmetric and
asymmetric ones, respectively. Interestingly,
the degree of asymmetry depends on coordi-
nate. For example, at line cos(q0x)+cos(q0y) =
0 the vorticity is symmetric function of Ω, while
for cos(q0x) = 0 or cos(q0y) = 0, the vorticity
is described by asymmetric mixed term. Vector
density plot of the rectified current jdc is plot-
ted in Fig. 5 for different values of parameter
α =
2Ωµ0
pi0
=
d3Ω
4pi2R3
eq0a, (43)
which depends on dimensionless deviation from
the resonance, Ω. Hence, changing radiation fre-
quency, one can qualitatively change spatial dis-
tribution of dc current.
Analogously, one can calculate optically-
induced static potential
eφdc
m
=
2pi2l4s2
d4
e−2q0a
Ω2 + Γ2/4
(44)
× {cos(2q0x) + cos(2q0y)
−4α [cos(q0x) + cos(q0y)]} .
C. Optically-induced magnetic field
The stationary magnetic field induced by ra-
diation obeys
[∇×H] = 4pijdc(r)
c
δ(z). (45)
Substituting H = [∇×A] (divA = 0), making
Fourier transform over r, we find
k2Ak − d
2Ak
dz2
=
4pijkdc
c
δ(z). (46)
Finite at |z| → ∞ solution of this equation
reads Ak(z) = (2pi/ck)j
k
dc exp(−k|z|). Hence,
the Fourier transform of the vector potential
(and, consequently, of the magnetic field) is pro-
portional to the Fourier transform of the dc cur-
rent. In the vicinity of plasmonic peaks, only
several k satisfying resonant conditions con-
tribute to the current and magnetic field, so
that spatial dependence of the field is found by
the summation over these discrete set of k.
Let us, for example, calculate the perpendic-
ular component of the field, Hz, in the funda-
mental mode within the resonance approxima-
tion. In this case, k runs over (±q0,±q0) for
the plasmonic contribution and over (±q0, 0)
and (0,±q0) for the mixed contribution [see
Eqs. (39) and (40)]. Instead of summation
over these k, one can take into account that
all terms in pi(r) and µ(r) are eigenfunctions of
the Laplace operator and present the field in the
operator form
Hz(r, z) =
e−
√−∆|z|
√−∆
2piez[∇× jdc(r)]
c
. (47)
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From this equation and Eq. (48), we find
Hz(r, z) = −4pi
c
1
Ω2 + Γ2/4
(48)
×
{
pi0 cos(q0x) cos(q0y)
e−
√
2q0|z|
√
2
+µ0Ω[cos(q0x) + cos(q0y)]e
−√q
0
|z|
}
.
Density plot of the magnetic plot in the 2DEL
plane, Hz(r, 0), is plotted in Fig. (6).
FIG. 6. Density plot of Hz(r, 0) for different values
of parameter α = 2Ωµ0/pi0.
V. EFFECTS OF FINITE VISCOSITY
AND EXTERNAL MAGNETIC FIELD
Above, we presented calculations at zero
magnetic field for an ideal 2DEL with zero vis-
cosity. The detailed analysis of different magne-
toresponse regimes of the viscous electron liquid
in the system under discussion is out of scope of
this work and will be presented elsewhere. Here,
we limit ourselves to the simplest but at the
same time the most interesting case of the res-
onant excitation, when some of the plasmonic
modes with wavevectors given by Eq. (17) sat-
isfy the resonance condition: ω ≈ ωnm, where
ωnm is given by Eq. (19). In this case, within
the resonant approximation, the effect of the
weak magnetic field, B, with ωc  ω (ωc =
eB/mc is the cyclotron frequency) can be ac-
counted by the replacement of ω2nm with
ω2nm(B) = ω
2
nm + ω
2
c . (49)
Hence, a weak magnetic field shifts positions of
the resonances shown in Fig. 3 thus giving an
additional way to control the dc current and
magnetization.
Within the same resonance approximation,
the effect of weak viscosity, satifying the in-
equalty νq2nm  ω, is accounted by replacement
of elastic damping γ with
γnm = γ + νq
2
nm. (50)
The resonance is described by Eq. (22) with
Ω ≈ ω − ωnm(B)
ωnm(B)
, Γ ≈ γnm
ωnm
. (51)
As seen from Eq. (50), measurement of widths
of two plasmonic resonances with different res-
onance frequencies(ωn1m1 6= ωn2m2) allows one
to extract value of ν:
ν =
(γn1m1 − γn2m2)d2
(2pi)2(n21 +m
2
1 − n22 −m22)
. (52)
Evidently, one can also extract momentum re-
laxation time by measuring γn1m1 and γn2m2 . It
worth noting that Eq. (52) does not include any
characteristic of the material and depends on a
11
single geometrical factor—the distance between
nanospheres, which can be well controlled in ex-
periment. Hence, the HIFE gives a direct way
to extract the electron viscosity.
VI. CONCLUSION
To conclude, we analyzed excitation of cir-
cular plasmonic modes (twisted plasmons) and
circular dc current in two dimensional (2D)
systems by circularly-polarized electromagnetic
wave via a plasmonic coupler made of period-
ically placed nanospheres. We demonstrated
that rectification of the plasma waves leads to a
helicity-sensitive circular DC current, and con-
sequently, to a magnetic moment, thus demon-
strating the hydrodynamic inverse Faraday ef-
fect. The effect is dramatically increased in
vicinity of plasmonic resonances, so that the DC
current shows sharp plasmonic peaks. There are
two interfering contributions to this peak, the
plasmonic contribution, and the contribution
involving both the plasmonic and the Drude
excitations. As a result, plasmonic resonances
have asymmetric Fano-like shape. The sug-
gested system can be used for optical tunable
magnetization of 2D systems, for many opto-
electronic devices operating in the THz range
of frequencies, and for the characterization and
parameter extraction of 2DELs. In particular,
measuring of the widths of different plasmonic
resonances allows one to extract the electron
viscosity.
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Appendix A: Linear response (technical
details)
Linearizing Eqs. (2) and (3) and making
Fourier transform we get
− iωδnωq + iqδvωq = 0, (A1)
iqs2δnωq+(γ − iω)δvωq = e(E0 +E1)ωq
m
,
(A2)
where(
eE0
m
)
ωq
=
eE0
2m
(ex − iey)(2pi)2δ(q) (A3)(
eE1
m
)
ωq
= −piqe
2p
m
e−iϕqe−qa (A4)
and e−iϕq = (qx − iqy)/q
Solution of Eqs. (A1), (A2) reads
δnωq = 2piil
2 q
2
q2 − k2 e
−iϕqe−qa, (A5)
δvωq = 2piil
2 ωq
q2 − k2 e
−iϕqe−qa (A6)
+
eE0(ex − iey)
2m(γ − iω) (2pi)
2δ(q),
where l and k are given by Eqs. (14) and (15) of
the main text. Next, we find Fourier transform
of the velocity and concentration:
δnω(r) = ∆Z(r), (A7)
δvω(r) = iω∇Z(r) + eE0(ex − iey)
2m(γ − iω) , (A8)
where
Z(r) = −i2pil2
∫
d2q
(2pi)2
eiqre−iϕqe−qa
q2 − k2
= l2(x− iy)f(r). (A9)
Function f(r) is given by
f(r) =
∫ ∞
0
dqqJ1(qr)e
−qa
r(q2 − k2) ≈ (A10)
pi
2r
[H−1(kr)+iJ1(kr)]− 1
r
(
1− r
a+
√
a2 + r2
)
,
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where H−1 and J1 are the Struve and Bessel
functions. Here we assumed Q  k0  1/a
[53].
Asymptotes of the function f are given by
f ≈

√
pi
2kr3
ei(kr−pi/4)
(
1 +
3i
8kr
)
− 1
k2r3
, r  1/k0,
1
a+
√
a2 + r2
+
ipik
4
, r  1/k0
(A11)
From Eqs. (24), (A7), and (A8) we get
δnPω(r) = l
2(x− iy)
[
f ′′ +
3f ′
r
]
, (A12)
δvPω(r)=ωl
2(x− iy)
[
i
(rf)′
r
er+
f
r
eϕ
]
, (A13)
δvDω (r) =
eE0(ex − iey)
2m(γ − iω) . (A14)
As seen, velocity oscillations can be presented
as a sum of the f−dependent inhomogeneous
contribution and the homogeneous Drude con-
tribution, given, respectively, by Eq. (A13) and
Eq. (A14)
Appendix B: Expressions for RPi and Φ
P
2 for a single nanosphere
Using Eqs. (A10), (A11),(A12), (A13), (A14), and (18), we find
RP1 = −iωl4(rf ′′ + 3f ′)(rf∗)′ + c.c. ≈ piωl4

k20
r
e−Qr, r > 1/k0,
k0r
2(r2 + a3)3/2
, r < 1/k0,
(B1)
ΦP1 = ωl
4(rf ′′ + 3f ′)f∗ + c.c. ≈ piωl4

− k0
r2
e−Qr, r > 1/k0,
− 2
pi
r
(r2 + a2)3/2(a+
√
r2 + a2)
, r < 1/k0,
(B2)
RP2 = −
ω2l4
γ
[(rf∗)′(rf)′′ + f∗f ′] + c.c.
≈ piω
2l4
γ

k0
2r2
(1 +Qr)e−Qr, r > 1/k0,
2
pi
r
(a+
√
r2 + a2)3
[
a3
(a2 + r2)2
+
r2 + 3a2
(a2 + r2)3/2
]
, r < 1/k0,
(B3)
ΦP2 = 0. (B4)
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Appendix C: Expressions for RMi and Φ
M
i for a single nanosphere
By direct averaging of δnPδvD over time we get
RM1 − iΦM1 =
2l4s2
R3
rf ′′ + 3f ′
γ + iω
. (C1)
In the limiting cases, assuming ω  γ and taking in all terms lowest non-zero order with respect
to γ/ω we get
RM1 =
2l4s2
R3

√
pik
3/2
0 e
−Qr/2 cos
(
k0r +
pi
4
)
ω
√
2r
, r > 1/k0
− γ
ω2
r
(r2 + a2)3/2
, r < 1/k0
(C2)
and
ΦM1 = −
2l4s2
ωR3

√
pik
3/2
0 e
−Qr/2 sin
(
k0r +
pi
4
)
√
2r
, r > 1/k0
r
(r2 + a2)3/2
, r < 1/k0
(C3)
Finally, from Eqs. (18), (A13), and (A14) we find (in the lowest order with respect to γ/ω)
RM2 = −
l4s2
γR3
(rf ′′ + 3f ′) + c.c.
=
2l4s2
γR3

√
pik
3/2
0 e
−Qr/2 sin
(
k0r +
pi
4
)
√
2r
, r > 1/k0,
r
(a2 + r2)3/2
, r < 1/k0,
(C4)
ΦM2 = 0. (C5)
Appendix D: Asymptotical values of jdc and Edc for a single nanosphere
Using Eqs. (B1),(B2),(B3),(B4), (C2),(C3),(C4), and (C5), we find asymptotical behavior of jdc
and Edc with account of both plasmonic and mixed contribution
jdc = −ωl
4N0
a3

A
( r
a
)
+
a
R3k20
C
( r
a
)
, r  1/k0,
pia3
r3
[
k0re
−Qr +
√
2
pik0r
( r
R
)3
e−Qr/2 sin
(
k0r +
pi
4
)]
, 1/k0  r  ln [k0/Q]
Q
6a3
(
− 1
k70r
7
+
1
R3k40r
4
)
,
ln [k0/Q]
Q
 r,
(D1)
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eEdc
m
= −ω
2l4
a3

piB
( r
a
)
+
a
R3k20
C
( r
a
)
, r  1/k0,
pia3
r3
[
k0r
2
e−Qr +
√
2
pik0r
( r
R
)3
e−Qr/2 sin
(
k0r +
pi
4
)]
, 1/k0  r  ln [k0/Q]
Q
6a3
(
5
k70r
7
+
1
R3k40r
4
)
,
ln [k0/Q]
Q
 r,
,
(D2)
where
A(x) =
2x
(1 + x2)3/2(1 +
√
1 + x2)
, (D3)
B(x) =
2x
(1 +
√
1 + x2)3
1 + (3 + x2)
√
1 + x2
(1 + x2)2
,
C(x) =
2x
(1 + x2)3/2
(D4)
Appendix E: Expressions for JPi ,J
M
i for periodic array of nanospheres.
The rectified currents JPi are given by double sums over q,q
′, while JMi by ordinary ones. For
convenience of further calculations, in plasmonic contribution we a introduce Kronecker symbol
δQ,q−q′ and sum over Q:
JP1 (r) =
∑
Q
eiQrJP1Q + c.c. =
4pi2l4
d4
∑
Q
eiQr
∑
q,q′
δQ,q−q′
e−i(ϕq−ϕq′ )−a(q+q
′)ωqq′2
(q2 − k2)(q′2 − k∗2) + c.c. (E1)
JP2 (r) =
∑
Q
eiQrJP2Q + c.c. =
4ipi2l4
d4γ
∑
Q
eiQr
∑
q,q′
δQ,q−q′
e−i(ϕq−ϕq′ )−a(q+q
′)ω2(qq′)q′
(q2 − k2)(q′2 − k∗2) + c.c. (E2)
JM1 (r) =
∑
Q
eiQrJM1Q + c.c. =
2ipil4s2
d2R3
1
γ + iω
∑
Q
eiQr−iϕQ−aQQ2
(Q2 − k2) (ex + iey) + c.c. (E3)
JM2 (r) =
∑
Q
eiQrJM2Q + c.c. =
2pil4s2
d2R3γ
1
γ + iω
∑
Q
eiQre−aQωQQ
Q2 − k2 + h.c (E4)
Using Eqs. (31) and (32) we find expression for optically-induced dc current, which includes both
plasmonic and mixed contributions:
jdc = N0
4pi2l4
d4
ω∑
q,q′
[ez × (q− q′)]
|q− q′|
(
[ez × (q− q′)]q
|q− q′|
)
q′2ei(q−q
′)re−i(ϕq−ϕq′ )−a(q+q
′)
(q2 − k2)(q′2 − k∗2)
+
is2d2
2piR3
1
γ + iω
∑
Q
[ez ×Q]
Q
(
[ez ×Q] (ex + iey)
Q
)
Q2eiQr−iϕQ−aQ
Q2 − k2
+ c.c. (E5)
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eEdc
m
= γ
∑
Q
Q
Q
{
Q
Q
[
JP1Q + J
P
2Q + J
M
1Q + J
M
2Q
]}
eiQr + c.c. (E6)
≈ (for γ  ω) ≈ γ
∑
Q
Q
Q
{
Q
Q
[
JP2Q + J
M
2Q
]}
eiQr + c.c. (E7)
=
4pi2l4
d4
iω2∑
q,q′
q− q′
|q− q′|
[
(q− q′)q′
|q− q′|
]
(qq′)ei(q−q
′)re−i(ϕq−ϕq′ )−a(q+q
′)
(q2 − k2)(q′2 − k∗2)
−i s
2d2
2piR3
∑
Q
QQeiQr−aQ
Q2 − k2
+ c.c. (E8)
Appendix F: Expressions for rectified currents in the fundamental plasmonic mode
For (n,m) = (1, 0), (0, 1), (−1, 0), (0,−1), we have q = q0 = 2pi/d. Simple calculations yield
JP1 =
32pi2l4
d4
ωq30 [sin(q0y) cos(q0x)ex − sin(q0x) cos(q0y)ey]
|q20 − k2|2
e−2q0a, (F1)
JP2 =
32pi2l4
d4
ω2q30 [sin(q0x) cos(q0x)ex + sin(q0y) cos(q0y)ey]
γ|q20 − k2|2
e−2q0a, (F2)
JM1 =
4pil4
d2R3
q20ω
k2∗(q20 − k2)
[i sin(q0x) + sin(q0y)](ex + iey)e
−q0a + c.c. (F3)
JM2 =
4pil4
d2R3
q20ω
2
γk2∗(q20 − k2)
[sin(q0x)ex + sin(q0y)ey]e
−q0a + c.c. (F4)
Next, we substitute these equations into Eqs. (32) and (33). The latter can be written in the
operator form
jdc = N0
−∇ div + ∆
∆
(
JP1 + J
M
1
)
, (F5)
eEdc
m
= γ
∇
∆
div
(
JP1 + J
M
1 + J
P
2 + J
M
2
)
, (F6)
eφdc
m
= γ
1
∆
div
(
JP1 + J
M
1 + J
P
2 + J
M
2
)
. (F7)
From Eqs. (F1), (F2), (F3), (F4), (F5), (F6), and (F7), we find
jdc = N0
{
16pi2l4
d4
ωq30e
−2q0a[sin(q0y) cos(q0x)ex − sin(q0x) cos(q0y)ey]
|q20 − k2|2
(F8)
+
4pil4
d2R3
ωq20e
−q0a[sin(q0y)ex − sin(q0x)ey]
k2∗(q20 − k2)
}
+ c.c.
Close to resonance, this equation can be simplified and written in the form Eq. (22) with pi and µ
16
given by Eq. (39) and (40), respectively. We also find (for γ  ω)
eEdc
m
=
{
16pi2l4
d4
ω2q30e
−2q0a[sin(q0x) cos(q0x)ex + sin(q0y) cos(q0y)ey]
|q20 − k2|2
(F9)
+
4pil4
d2R3
ω2q20e
−q0a[sin(q0x)ex + sin(q0y)ey]
k2∗(q20 − k2)
}
+ c.c.,
eφdc
m
=
{
4pi2l4
d4
ω2q20e
−2q0a[cos(2q0x) + cos(2q0y)]
|q20 − k2|2
(F10)
+
4pil4
d2R3
ω2q0e
−q0a[cos(q0x) + cos(q0y)]
k2∗(q20 − k2)
}
+ c.c.
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